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I Abstract 

^ I A generalization of two recently proposed general relativity Hamilto- 

nians, to the case of a general (ci+ l)-dimensional dilaton gravity theory 
^ ' in a manifold with a timelike or spacelike outer boundary, is presented. 

bp 

1 Introduction 

5_j ■ The study of Hamiltonians for general relativity and other gravity theories is 

I important for many interrelated questions and issues, such as black hole ther- 

modynamics, in particular black hole entropy and its statistical origin, or as 
the definition of quasilocal quantities. In particular, the boundary terms, which 
are part of the Hamiltonian, are especially relevant. In fact, the Hamiltonian 
reduces to them when evaluated on-shell and they are used to determine global 
charges and thermodynamic quantities. 

The form of the Hamiltonian boundary terms depends on the boundary con- 
ditions we use for the variational principle (for instance we can choose to fix the 
metric induced on the boundary), or on gauge conditions such as, for instance, 
the orthogonality of the boundaries. In the general framework of the Arnowitt- 
Deser-Misner parametrization, three different gravitational Hamiltonians have 

*E-mail address: cadoniaca.infn.it 
^E-mail address: manaaca.infn.it 
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been proposed recently by, respectively, Hawking and Hunter (HH) Q], Booth 
and Mann (BM) @, Creighton and Mann (CM) @. 

The HH and BM Hamiltonians correspond to different Legendre transforma- 
tions of the Einstein-Hilbert action and represent the natural choice for classical 
general relativity defined on a spacetime manifold with non-orthogonal bound- 
aries. Conversely, the CM proposal gives the Hamiltonian for a dilaton gravity 
theory defined on a spacetime manifold with orthogonal boundaries. 

The limitations of the different proposal are evident. If one wants to describe 
dilaton gravity theories in the Hamiltonian framework, one has to use the CM 
prescription and is therefore forced to consider only orthogonal boundaries. In 
some situation this limitation may be too strong, for instance if one wants to 
consider symmetry transformations whose generators cannot be tangent to a 
timelike boundary (e.g. spatial or null translations). This kind of generators 
are important in the discussion of the asymptotic symmetries of the spacetime 
and the associated charges @, ||, ||, 0]. On the other hand, if one needs to 
consider a manifold with non-orthogonal boundaries, one can use the HH or 
BM prescription but is limited to the non-dilatonic case. 

Therefore, it is natural to investigate the possibility of using a Booth-Mann- 
likc Hamiltonian together with any evolution generator. In this paper we show 
that this is possible. We propose two Hamiltonians for a general dilaton gravity 
theory defined on a ((i+l)-dimensional spacetime with non-orthogonal bound- 
aries. Our Hamiltonians generalize and comprehend the HH, BM, and CM 
Hamiltonians. Moreover, they can deal with spacelike, as well as timelike, outer 
boundaries. 

The structure of the paper is the following. In Sect. 2 we set up our no- 
tation and define the objects we are dealing with. In Sect. 3 we derive our 
Hamiltonians. In Sect. 4 we discuss our results. 

2 Definitions 

We consider a ((i+l)-dimensional spacetime manifold Ai whose boundary con- 
sists of two spacelike hypersurfaces S' and S" sharing the same topology, and an 
'outer' hypersurface i3, which can be either timelike or spacelike, with topology 
dS' X I, where T is a real interval. The spacetime is foliated into spacelike hyper- 
surfaces St of constant t, where t : — > K is a time function defined through- 
out M.. The initial and final hypersurfaces of this foliation are S' and S" . 
Another foliation is induced on the boundary B and is given by spacelike sur- 
faces Vt = St n B = dSt of dimension (d— 1). The initial and final surfaces 
are V — S' Ci B and V" — S" fl B, respectively. We can also think of every Vt 
as given by the intersection of B with (local) orthogonal hypersurfaces St^ 
When the boundary B is spacelike, it must also be transversal to every St 

^When the B boundary is spacelike, we only assume locality and do not suppose that the 
hypersurfaces St foliate the whole spacetime A4. In this case St is timelike and we do not 
want a foliation of M into timelike hypersurfaces. Thus, clamped foliations, in the sense of 
Lau Iq, pi , are allowed only when B is timelike. 
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to be sure that the fohation of M is always weh-defined. However, later on we 
will relax this assumption and will allow for the degenerate case in which B is 
non-transversal to some or every St ■ 

The metric on the spacetime M is g^j., with signature ( — h + • • ■ )j volume 
element ■\/—g, covariant derivative and curvature Rm- With respect to 
this metric the A4-foliation lapse is N = [— (Vt)^]^^/^. The metric g^i, induces 
other metric structures on the various surfaces. These structures are described 
in detail below. 

A scalar dilaton field rj is also defined on , as well as its functions f '■ rj ^ 
f{ri), k : T] 1-^ k{ri) and p : rj t-^ p{v)i their derivatives ^ etc. are written as /' 
etc.; their restrictions to the various surfaces, jylsj, ?7|b, /|-Pt, etc., will be often 
called ?7, /, etc. for simplicity. 

The Lie derivative operator is denoted by L. 

The St hypersurfaces 

A future-pointing vector field normal to every St is defined on A4; its ac- 
celeration = u'^'VuU^ is tangent to St {u^a^ = 0). The induced Rieman- 
nian metric on every St is ft.^^ = 5^1^ + u^u^, with volume element y/h (note 
that y/hN — y'— g), covariant derivative D^, intrinsic curvature Rs, and ex- 
trinsic curvature K^i, = — /i^^Vritiy. Tensors are projected onto the St hyper- 
surfaces by h^^ij. 



The B boundary 

The outer boundary whose normal we require to be always outward- 
pointing, can be timelike (see Fig. |^) or spacelike. When B is spacelike we have 
to distinguish between two different cases, sketched in Figs. ^ and |[ In Fig. || 
B lies outside the future of S' (its normal is past-pointing), while it lies inside 
the future of S' in Fig. || (its normal is future-pointing). We can characterize 
the three different cases defining the following quantities: 

e = fi^fi^', (1) 
P = u>^n^., (2) 



as well as the hyperbolic angle a: 

dct I arcsinh/3 if e = +1, 

a — \ 

I — sgn(/3) arccosh |/3| if e = — 1. 



(3) 



If B is timelike (see Fig. |l|) then e = +1, /3 ^ 0, and a ^ 0; if i3 is spacelike 
and outside the future of S' (past-pointing n^, see Fig. ||) then e = — 1, /3 > 
1, and a < 0; finally, if B is spacelike and inside the future of S' (future- 
pointing n'^, see Fig. ||) then e = —1, (3 < —1, and a > 0. 
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Figure 1: Example of foliation of a two-dimensional spacetime M with a timelike 
outer boundary (e = -|-l, /3^0, a^O). Dotted lines represent lightcones. 




Figure 2: Example of foliation of a two-dimensional spacetime M with a spacelike 
outer boundary outside the future of<S' (e = — 1, f3>+l, a<0). Dotted lines represent 
lightcones. 




Figure 3; Example of foliation of a two-dimensional spacetime M with a spacelike 
outer boundary inside the future of 5' {e = — l,/3<—l, a>0). Dotted lines represent 
lightcones. 
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On B we have the induced intrinsic metric 7^^ = g/^i, — en^n^ with vol- 
ume element vTtI' covariant derivative and extrinsic curvature 9^^ = 
—^^J'V rfiv In the £ = +1 case the induced metric is Lorentzian with signa- 
ture ( — h H ), while in the e = — 1 case it is a positive definite Riemannian 

metric having signature {++-\ )• We can project tensors onto B by using 7''^. 

The spacetime foliation induces a foliation in B by means of the induced 
time function t\B B ^ R, and the associated lapse is N = [— £(At|B)^]~^/^. 



The Vt surfaces 

The Vt surfaces are defined by the intersection of the outer boundary with 
the various slices St, so they can be viewed as embedded in B or in St- In 
particular, V' and V" together form the boimdary of B, and every Vi is the 
boundary of St- Hence, four different unit normal vector fields can be defined 
on Vt'- as a surface in St, Vt has the outward-pointing spacelike normal n'^, and 
shares with Sl the future-pointing timelike unit normal as a surface in B, 
Vt has the unit normal ■u'', which satisfies w^w'' < 0, and shares with B the 
outward-pointing unit normal n'^. Both n'' and u can be obtained by projection 
of the normals n'^ and u** onto St and onto B respectively, and normalizing, 

= eXh^'^n'' = eXh^" + eA/Ju", (4a) 

= eX^^^u^ = ^u^" - Xph", (4b) 
A 

where the normalizing positive scalar A is defined by: 
_ 1 _ [(cosha)-i if£ = +l, 

~ V^T^ ~ \(sinh|a|)-i if£ = -l. ^' 

Note that 66 = SjSq: moreover, n^n'* = m^u'* = — 1, «'' = —£, h^n^^ = e, 
and the following relations hold; 

= £in^ - u^' = - epn^, (6a) 

A A 

n^' = in^ + /3u'' = e\u^' + efin^. (6b) 

A A 

The Riemannian metric induced on Vt is 

(^nv = 9nv - n^n^ + u^u^ = g^^ + eu^u^ - sh^h^, (7) 



with volume element ^/a (and -v/ct-^ = V |7|)- Tensors are projected on Vt by 

using af^^. 

Every Vt can be seen as a (d— l)-dimensional surface embedded in St, and 
as such it has an extrinsic curvature which we denote by 

O^v = -o-^< V^n^ = -cT^D^n,.. (8) 
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However, we can consider also the embedding of Vt in a hypersurface St, 
locally orthogonal to B (so that St has unit normal u'^); in this case we can 
define an associated extrinsic curvature 

h'^ = -crl^alVrfia- (9) 

The following useful relation holds among the traces of ^^y, 6^1, and the 
extrinsic curvatures of St and B: 

tvO = eXtrQ + eXptvK + eAn^a^ - Avl^V^a, (10) 
= etvO + eXptrK + e\(3n>'h''V ^.u^ + eXPn^'V^a. (11) 



Bulk and boundciry foliations 

The time evolution of the hypersurfaces St (and of the fields defined on them) 
can be specified by means of a time-flow vector fleld X^, satisfying dt{X) = 1. 

An equivalent definition is: 

Xi^ = Nuf" + V'', (12) 

where N = [-(Vt)2]-V2 = -u^Xi^ and V = hi^^X" are the (bulk) lapse and 
shift, respectively. 

Analogously, the time evolution of the surfaces Vt along B can be specified by 
a boundary time-flow vector field X** tangent to B and such that dt\B{X) = 1. 
We have now, 

X^' = Nu^' + V^', (13) 

where N = [-s{At\B)^]~^^^ = -su^Xf" and = 'y^'^X" are the boundary 
lapse and shift. 

In general, the bulk time-flow vector field X^ is not tangent to the outer 
boundary, huX'^ ^ 0, so that it diff'ers from the boundary time-flow vector 
field: X^le ^ X^. This means that the bulk and boundary shifts are unrelated 
to each other. Note, though, that the bulk and boundary lapses N and N are 
always related by: 

TV = AA^. (14) 

This equation is just a consequence of the fact that the B foliation is induced 
by the M. foliation. 

When the vector field A'^ is tangent to B, n^^A'^ = 0, we may require the 
two time-fiow vector fields to coincide, A^|e = X^, so that the respective shifts 
are related by 

V^" = a^^V = V^'+ eN/3n''. (15) 
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The general action 

The action for a general dilaton gravity theory on a (d+l)-dimcnsional spacetime 



IS 



3~ / ^^[.f{v)RM + k{v)iVvr+p{v)] 



- f Vhf{v)trK - - f v^/(77)tre + - f V^f{r,) 
1^ Js Jb Jv 



(16) 



where and are abbreviations for J^„ — J^, and /p„ — /p, respectively. 
The boundary terms make the action suitable for a variational principle with 
Dirichlet boundary conditions, i.e. with boundary-induced metric and dilaton 
field fixed. 

The terms /, fc, p, and the constant k depend on the model under consid- 
eration (for example, setting d ^ 1, k ~ n, ij = e^^"^, /(r/) = t], k{r]) = 0, 



^(77) = — 2A77, we have the Jackiw-Teitelboim action [10, 11|; setting d = 3, 
K = SttG, rj — f = \, k = p = Q, we have the classical Einstein-Hilbert ac- 
tion ||l2|, cf. also Creighton and Mann and Lemos |lj]). We have not 
included minimally-coupled matter terms in the action, because the presence of 
these terms does not affect our main results. 
The variation of the action ( |l^ ) is: 



J M Js 

+ / (n^''<57^, + n^^T?) + / (TT^-^^a^.+TT^jTy), 

Jb Jv 



(17) 



where 



In z z (18a) 

V"/ + kV^'rjVr] - ifc.g'^'^(Vry)'], 



1 

"2k,' 



-qU'Rm +p' + k'iV'rj) - 2V^(fcV^77)] (18b) 



are the terms which give the equations of motion of the theory, H^"^ = 
and H'^ = 0; whereas 

^ _ ^^f^j^^u _ tr/f/i'^") + hf^^Luf], (19a) 
P^= — (/'tr/^-fcL„77) (19b) 

K 

arc the momenta conjugated to and ri\s on S; 

n'^" = ^Vhlifi^'"' - tvQ^n + 7'"'Ln/], (20a) 
n" = - - /bT(/'tre - fcLs?7) (20b) 
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arc the momenta conjugate to and 77]^ on B] and finally 

TT^-- = ^V^/aa^-, (21a) 
TT^ = (21b) 

K 

arc the momenta conjugate to a^^, and jyjp on V. 

3 Derivation of the Hamiltonians 

In this section we derive two Hamiltonians, corresponding to two dilTerent Leg- 



endre transformations of the action (16), which are the generalizations for a 



dilaton gravity theory of those proposed by Hawking and Hunter |1[| , and Booth 
and Mann g]. 

First Hamiltonian 

The action ( p^ ) is first decomposed with respect to the foliation in the standard 
way, using the Gauss-Codazzi equations 

Rm=Rs + K^'^K^, - {tr Kf - 2V^(ii^trX + a^), (22) 

and the decomposition of the squared divergence of the dilaton 

[V^f = {T>r^f - (L„7y)2. (23) 
One obtains: 

+ p + 2trA'L„/ + 2L„/ - 2V^[f{u^^tvK + a^^)]} (24) 

+ - / VhJtvK - - f /M/tre + - / V^fa. 

n Js 1^ Jb Jv 

We can rewrite the intrinsic curvature iiT'"' and the Lie derivative of the 
dilaton L^Ty in terms of the momenta f and P^: 

K^"' = — '1—{^2QP'"' + 2[(/')^ - fk]trPh^"' + ffP^hf""}, (25a) 
fQVh 

L„,7=^h2/'trP + (d-l)/P^], (25b) 

with 

Q'^dif'f-{d-l)fk. (26) 
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Using the previous equations, together with the relation 



La/ 

we get 
3 = 



1 

N 



D^(iVD^/)-DV, 



(27) 



M 



--V^V^K/tr/C + a^/) 
K V Vh 



(28) 



+ - f VhftvK - - I /M/tre + - / V^fa, 
n Js Jb Jv 

where the Haniiltonian constraints and H ^ are given by 



H 



dcf 2/^ 
Vh 



4Q ^ V 



~2k 



[/i?5 + fc(D77)2+p-2DV], 



(29a) 



(29b) 



and Q is defined in Eq. (|2f 

Let us now focus on the additional boundary terms in Eq. ( ^Sj ) that represent 
total derivatives. The first term yields boundary terms on S' , S" , and B: 

= - / V^(-/tri^ + uX/) - - / v^(//3trX + /n^a^). 

Since a'' is orthogonal to w**, we see that the first integral in 3i exactly cancels 
out with the ^S- integral already present in the action (see Eq. (p^). The second 
integral, instead, sums up with the S-integral of the action to give 



^2 = / /FH(/tre + fptrK + fn,,a''). 
« Jb 

Using Eq. (^ one can show that Eq. (^ can be written as 



(31) 



^2 = -- f v^(/A-itr(? + /i2^A,,a) 
1^ Jb 



(32) 



Taking out of it a total divergence by using fu^Af^a = A^(/w^a) — q;A^(/u^), 
one finds 



(33) 



32 = / VWrn^e - aA^(/u^)] \ V^fc 
kJb Jv 
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so that the "P-integral in ^2 exactly cancels out with the P-integral which ap- 
pears in the action (p^. Let us now consider the last divergence in Eq. (psf). 
This term yields the following boundary contribution: 



1 



t J St 



yh 



(34) 



It follows that the action put into canonical form contains only a boundary 
integral on B: 



. ^1 / (P'-Lx V„ + P'Lyi, - NH^ - VH, 

i^Jvt 



N[ftve - XaA^ifun - n^D^/] - 2V^n, 



Vh 



It is now straightforward to perform the Legendre transformation, 



ItJSt 

which gives us the Hamiltonian: 



S)^ [ (NH^ + VHf,) + [ {NE - 1/^ J;.), 
Jst Jvt 



where 



Vh 



(35) 
(36) 

(37) 

(38a) 
(38b) 



Note that the term which depends on the hyperbolic angle a can be rewritten 
as follows by means of Eqs. (|6a|), (0), (^), and (^): 



e\(3{ftv9 - L„/) - 2Kn^n^ 



Vh 



(39) 



The appearance of a term containing the intersection angle a, which in this case 
does not depend on the canonical variables, is analogous to what happens for the 
HH Hamiltonian. In fact, the NE integral reduces, in the non-dilatonic case, to 
the sum of the HH 'curvature' and 'tilting' terms, whereas the V^J^ integral 
reduces to the HH 'momentum' term. In order to get rid of the explicit angle 
dependence we have to subtract a reference term from the Hamiltonian. 
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Second Hamiltonian 



In this subsection we use Booth and Mann's prescription, i.e. we require the 
time- flow vector field to lie on the outer boundary B (so that fi^X^^ = 0). 
This means that we are focusing our attention on the foliation of the outer 
boundary B into surfaces Vt, rather than on the foliation of the spacetime M 
into surfaces St- This, in turn, implies that we have to pass from the spacetime 
lapse TV and shift V^^ to the boundary lapse N and shift and from the 
quantities tr6', u^, n'^ to the quantities tr0, u'^, n^. 

Let us now write the boundary contributions in the Hamiltonian ( ^7| ) in 
terms of the new objects. Summing up the following identities, which are ob- 
tained from Eqs. ( |l9al ), (|), and (|): 

iV/tr6' =eN\ftve + eNXPftvK 
2n^K^-P^" = - eNXPftvK + sNX^Luf 

-NUJ = - eNXLrJ - eNX/3L^f, (42) 

and using the relations N — NX and = eNXPn^ + V^, we find that the 
boundary integral in Eq. (^7|) can be expressed as follows: 

/ {NE - V^J^) / V^[sNiftre - Lft/) + fV^jYV^ii, 
Jvt Jvt (43) 

Let us now consider the terms containing a, which can be manipulated using 
the identities vTtI = Ny/a and = Nu^' + y^, to obtain: 



/ V^[/y^A^a-iVaA^(/7i^) 

JVt 



Vt 



- aA„ / = 



(44) 



Note that the integral containing the total divergence can be discarded, since, by 
Stokes' theorem, upon integration in time it gives vanishing terms proportional 
to Uf^V'^ = OonV' and V". Moreover, it is easy to show that 

aLx ifV^) = 7T^''Lx<7^. + TT^LxV- (45) 
Using the previous equations we finally find 



/ {NE - V'J^) / V^[eN{ftr9 - L^f) - f^/u'^V^n,] 

JVt ^ JVt 

JVt 
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The last term can be discarded if we perform a Legendre transformation different 
from @: 



St JVt 



-3. (47) 



In this way (T^^j/, ri\-p, and tt'"', tt^ are treated as canonical variables and mo- 
menta on the same footing as h^^, r]\s, and P^'', . We now have the new 
Hamiltonian: 



JSt 



{NE - WJ^), 



where 



K 



(48) 

(49a) 
(49b) 



This Hamiltonian reduces, in the non-dilatonic case and when B is timelike, 
to Booth and Mann's Hamiltonian. Anologously to the BM Hamiltonian, has 
no explicit dependence upon the intersection angle between B and St- This hap- 
pens because all quantities in the boundary term of ( ^ ) are defined considering 
a local, natural spacetime foliation of A4 into slices St orthogonal to the outer 
boundary. 

It is interesting to compare the boundary term of ^, Eq. (|4^), with that 
of Sj, Eq. (pTj); this can simply be done by rewriting N, V^^, trO, u^, and in 



terms of A^, V, tr9, w'^, n''. The result is: 



{NE - WJ^,) = 



Vt 



Nftr0 - NLnf + a a^'^D,(/(7^,y^) + 2nV^n, 



Vh 



(50) 



Background terms 

It is a well-known fact that we can subtract from the gravitational action (and 
thus from the Hamiltonian) a reference term 3, which has to be a functional 
of the boundary metric only, without affecting the equations of motion of the 
system. Subtracting such a term corresponds to redefining the zero-point energy 
and momentum fl^ . This may be necessary when we want to renormalize 
divergent quantities, which may appear in the Hamiltonian when we consider 
an outer boundary at infinity. Usually one chooses this term in order to have 
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vanishing energy and momentum for a given reference spacetime (e.g. Minkowski 
or anti-de Sitter spacetime). 

For the Hamiltonian Sj of Eq. ( ]37| ) , the reference term can be defined in the 
following way (note that another equivalent, but local, definition can be given 
along the lines of ref. Sect. Ill D]). First we embed the boundary {B, 7^^, 7/|g) 
into the reference spacetime {M , g , rj) in such a way that the metric and 
dilaton induced on B by the embedding agree with those induced from A4 (we 
may call it an isometric and 'isodilatonical' embedding). Moreover we must 
require that M be foliated in such a way that /3 (see Eq. (||)) has the same 
value in M and in M. 

These conditions together imply that -y/aN, A, a, A^, u'^, and /|e are the 
same in the two spacetimes. Hence, we define the reference term to be 

S)vt == - / [NE - V^Jf,) calculated with respect to M. (51) 

With this definition the boundary term i^-p^ becomes explicitly: 



y^Vt 1^ V^S^N[f {tre ^ tr9) ~ (L„/ - L„/)] 



Vh Vh 



(52) 



where all objects with an under-bar are evolved on the reference spacetime M. 
Note that the term containing the explicit dependence on the hyperbolic angle a 
has disappeared, for it is the same in both spacetimes: this makes the presence 
of the reference term a necessary feature in the case of the Hamiltonian 9j of 
Eq. (13). 

The situation is different in the case of the Hamiltonian ^ of Eq. (^). We 
still require an isometric and isodilatonical embedding of B in the reference 
spacetime A4, but now we do not impose any requirement about the foliation 
of A4 and the intersection angle; yet this weaker condition implies that the 
boundary lapse and shift agree in both spacetimes. The reference term is then 
defined by 

Sj-p^ = — {NE — V^^Jfj^) calculated with respect to M 

" (53) 



/ {NE-V'^J,,), 



where 



£;"-V^(/tr0~-Ls/), (54a) 
" -V^/ii"V^n,; (54b) 

K 
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The boundary term in becomes now 



f,Vt - / [N{E-E)-V^{J^-J^)] 



JVt 



JVt 



f V^{eN[f {tre - tr0) - (U f - UJ)] 



(55) 



In this case the reference term is not necessary to ehminate exphcit angle 
dependence in the Hamiltonian, for 9j has none by construction. 

Null and non-transversal outer boundaries 

AU the resuhs obtained so far hold, generally, for a spacetime with a timelike or 
transversal spacelike outer boundary. The formalism developed in the previous 
subsections can deal with these two cases but is not meant to deal with a null or 
non-transversal spacelike outer boundary. In the first case, the main reason is 
that the action ( p^ becomes ill-behaved whenever one considers the limit of a 
null B, for the integrands in the B- and "P-surface integrals diverge; one should 
define a new action with appropriate boundary terms before going on to derive 
Hamiltonians. In the second case, the foliation is no more well-defined. 

Yet, no one prevents us from considering a null ;B or a non-transversal space- 
like B as limits of a regular outer boundary. We are forced to allow for these 
possibilities if we want to consider e.g. lightlike generators or generators of spa- 
tial translations. 

The nuU-S limit corresponds to a ^ ±00. Eqs. ( |38| ) and ( ^9|) show that the 
boundary term of the first Hamiltonian diverges in this limit; this divergence 
can be easily cured: it disappears upon subtracting from ^ a reference term as 
we have discussed in the previous subsection. The boundary term of the second 
Hamiltonian f) diverges as well in general, as one can see from Eqs. (|4^) and (^0|); 
however, this is not always true and we see that ^ is well-behaved, for a —> ±00, 
when the component of tangent to Vt, namely cr'^iyX" = a^^V^ = V^, is 
divergence-free on Vt, i.e. when ^'Dp,{(T'^ ^V^) — 0; note that this is trivially 
verified in a two-dimensional spacetime {d = 1), since Vt is a point (or a finite 
collection of points) in that case. 

The non-transversal-;8 limit corresponds, instead, to iV, a ^ 0. In this case 
it is easy to verify, again by means of Eqs. (^), (|39|), and (^), (|50|), that the 
surface terms of both Hamiltonians are well-behaved and yield the same limit, 
which, for constant shift and in asymptotically fiat or anti de-Sitter spacetimes, 
corresponds to the total momentum (cf. e.g. refs. ^ for the non-dilatonic 
case): 




(56) 



(57) 



14 



4 Discussion 



In this paper we have derived two Hamiltonians for a general ((i+l)-dimensional 
dilaton gravity theory, Sj (Eq. (|37|)) and (Eq- (^8|)), which generahze Hawking 
and Hunter's ^ and Booth and Mann's |g] Hamiltonian respectively. For the 
purposes of the present discussion we can call 'bulk-oriented Hamiltonian' 
and io 'boundary-oriented Hamiltonian'. 

When we use the bulk-oriented Hamiltonian, we focus our attention mainly 
on the foliation of A4 into spacelike hypersurfaces and we use the 'bulk' lapse N 
and shift V^, together with other 5t-related objects (trd, L„77, etc.). Conversely, 
when we use the boundary-oriented Hamiltonian we assume that the initial 
surface V' is time-evolved along B, we restrict our attention to the boundary 
foliation and we use the boundary lapse N and shift V^, and other boundary 
objects (tr^, L^ry, etc.).| 

We have seen also that one Hamiltonian has merits where the other has 
drawbacks, and vice versa. The bulk-oriented one allows to consider all kinds of 
generators (spacelike, timelike, null), but contains an explicit dependence upon 
the hyperbolic angle of the foliation a — which diverges in the limit of a null 
outer boundary — needing an additive spacetime reference term. Conversely, the 
boundary-oriented Hamiltonian has no explicit dependence on the intersection 
between the slices and the outer boundary, yet forces us to modify the latter 
(considering even the possibility of a spacelike case), and in some cases to resort 
to limit procedures, in order to study a generic evolution generator. 

Apart from the fact that the two Hamiltonians correspond to a different 
choice of thermodynamical ensembles (see e.g. Kijowski [^), it is evident that 
they are useful in two complementary situations. ^) is the natural choice for 
the Hamiltonian when one is dealing with a spatially non-compact spacetime, 
whereas Sj is useful in the case of a bounded spacetime. 

In a spatially non-compact spacetime we may want to consider e.g. spa- 
tial translations, which usually belong to the group of automorphisms of the 
manifold. In this case the bulk-oriented Hamiltonian allows us to study the 
generators of translations. We first introduce a boundary at finite distance, 
study the generators on this boundary, then push the boundary to infinity to 
study the asymptotic behavior of our generators. The fact that the generators 
map the manifold out of the boundary is of no importance, since the boundary 
is introduced only to be pushed to infinity. Moreover, in this case the explicit 
dependence upon the angle foliation is not problematic: a spatially non-compact 
spacetime usually needs a reference spacetime for renormalizing possible diver- 
gences, and the dependence on the angle a can be eliminated together with the 
divergences by subtracting from Jo a reference term. 

On the other hand, when we deal with a spatially bounded manifold, usu- 

^The bulk-oriented approach is used e.g. by LauMfJ, Hawking and Horowitz lid], Hawking 
and HuntetLpI], and implicitly also_^bx DeWitt ||l7|[, Rcggc and Teitclboim MTBrown and 
Henneaux |fe|, Cadoni and Mignemi |q, H, et al. The boundary-oriented approach is followed bv 
iose and Dadhich [|l^_Kik)wski jisj , Brown, Creightpn and Mann |l9[ , 



Brown and York jl^ , 
Creighton and Mann 



|, Booth and Mann [|, g^], Brown, Lau, and York |Q, et al. 
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ally, we do not consider transformations like e.g. spatial translations, for they 
are not automorphisms of the spacetime. In this case one naturally uses the 
boundary-oriented Hamiltonian i5 , which has no dependence on a. Moreover, 
the formalism we have developed in this paper enables one to use Jo in space- 
times with almost all kind of boundaries, hence makes Jo as much versatile as 
for the study of almost all kinds of generators. 
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